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Cn ' Abstract. It is known that a multiloop Lie algebra, which is constructed 

using multiloop realization, can be a Lie Z"-torus if the given multiloop Lie 
algebra satisfies several conditions, and it is also known that a family of ex- 
tended affine Lie algebras (EALAs) are obtained from a Lie Z"-torus. In many 

Q^ ' cases, however, even if a given multiloop Lie algebra does not satisfy these con- 

ditions, we can also construct a family of EALAs from it. In this paper, we 
study this construction, and prove that two families of EALAs constructed 
from two multiloop Lie algebras are coincide up to isomorphisms as EALAs 

■^^ ' if and only if two multiloop Lie algebras are "support-isomorphic" . Also, we 

m^ ' give a necessary and sufficient condition for two multiloop Lie algebras to be 

^^ support-isomorphic. 

-)— > 

a- 

1. Introduction 

The multiloop realization is introduced in |ABFP1| : from an algebra A that 
^ I is not necessarily associative or unital, a finite sequence of mutually commutative 

^\ I finite order automorphisms cr — (ci, . . . ,cr„), and a sequence of positive integers 

m = (toi, . . . , ?n„) such that a^^^ = id for 1 < i < n, we can construct a Z"-graded 
^^ I algebra MmiA.cr) called a multiloop algebra. 

. . We consider the case where in the above realization an algebra ^ is a finite 

r^ ' dimensional simple Lie algebra g. In this case since 0*^ := {g £ | cnig) — 

^"^ . g for all i} ^ {0} is reductive, we can consider a root space decomposition of 

^— ^ I Mm.{Q,<y) with respect to a Cartan subalgebra f) in g*^, and then we can see 

Mm{0,cr) as a Qi, X /"-graded Lie algebra where Qf, is a root lattice. In this 
paper, we call the Qtj x Z"-graded Lie algebra a multiloop Lie algebra, and denote 
it by Lm{Q, <T, ()). In JABFP2J . the authors have proved that Lm{Q, cr, ()) can be a 
?-H ' Lie Z"-torus if cr satisfies some conditions (the principal condition is that g*^ is a 

simple Lie algebra), and in that case it is called a multiloop Lie Z"-torus. A Lie 
Z"-torus is a Q X Z"-graded Lie algebra, where Q is a root lattice of an irreducible 
finite root system, satisfying several axioms. E. Neher has proved in [N] that if a 
centreless Lie Z"-torus is given, we can construct a family of extended affine Lie 
algebras (EALAs, for short). However, unless g'^ = {0}, we can construct a family 
of EALAs from Lm{g, cr, t)) even if a does not satisfy the condition for Lm{g, cr, f)) 
to be a Lie Z"-torus. This fact can be seen by proving that the Qi, -support of 
Lmig,cr, I)) with respect to \) is an irreducible finite root system. In this paper, we 
study this construction of a family of EALAs from a multiloop Lie algebra. 

In [AFj , it has been proved that there exists a one-to-one correspondence between 
centreless Lie Z"-tori up to isotopy and families of EALAs up to isomorphism, where 
isotopy is an equivalence relation on a class of Lie Z"-tori defined in [ABFP2| . In 
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this article, we see that the similar result is obtained in the case of multiloop Lie 
algebras; we define an equivalence relation "support-isomorphic" on the class of 
multiloop Lie algebras (see Definition 12. 2. ip . and then we prove that two families of 
EALAs constructed from two multiloop Lie algebras are coincide up to isomorphism 
if and only if two multiloop Lie algebras are support-isomorphic. Also, we give a 
necessary and sufficient condition for two multiloop Lie algebras to be support- 
isomorphic. 

As we prove in Theorem 15.1.41 a multiloop Lie algebra Lm(fl,cr, f)) is support- 
isomorphic to some Lie Z"-torus if and only if g*^ ^ {0}. From this fact, we can see 
that the class of EALAs which can be constructed from multiloop Lie algebras is 
coincides with that constructed from multiloop Lie Z"-tori. It is, however, expected 
that, at least in some cases, considering whole multiloop Lie algebras makes it easy 
to study the classification problem of EALAs. 

We briefly outline the contents of this article. In section 2, we recall the definition 
and some results about multiloop algebras, and define a support-isomorphism. In 
section 3, we define a multiloop Lie algebra Ljn{Q,(j, f)), and observe the property 
of the support of a Qr^-grading. In section 4, we study a support-isomorphism of 
multiloop Lie algebras. In section 5, we give a necessary and sufficient condition for 
multiloop Lie algebra to be support-isomorphic to some Lie Z"-torus, and finally, 
we study the construction of EALAs from a multiloop Lie algebra. 

Assumptions and Notation. 

(a) Throughout this paper all vector spaces and algebras are defined over a 
base field k of characteristic and we assume that k is algebraically closed. 
In this paper an algebra is not necessarily associative or unital. 

(b) For each n G Z>o, we choose a primitive n-th root of unity (■„ G k satisfying 
the following condition: for all m,n £ Z>o, 

(c) For an n-tuple of positive integers m = {mi, . . . , m„), let 

Am = Z/miZ X • • • X Z/to„Z. 

(d) For a group A and a subset S* C A, let (S) be a subgroup of A generated 
by 5. 

" '/AeA' 

suppa(S) = {A g a I Z?V {0}} C A. 



(e) If ;B = 0;^gA. ^^ i^ ^ A-graded algebra for some abelian group A, we put 



2. Multiloop algebras 

Although we are interested only in Lie algebras, we deal with general algebras 
in this section. 

2.1. Definitions and some results. First, we recall the following basic defini- 
tions. 

Definition 2.1.1. Suppose that A is an algebra. 

(a) Let C{A) be the subalgebra of Endfc(„4) consisting of the fc-linear endo- 
morphisms of A that commute with all left and right multiplications by 
elements of A. We call C{A) the centroid of A. 

(b) We say A is central- simple if A is simple and C{A) = fc • id. 



MULTILOOP LIE ALGEBRAS AND THE CONSTRUCTION OF EALAS 3 

Definition 2.1.2. Let A be an abelian group and B = ^xeA^^ ^e a A-graded 
algebra. 

(a) We say B is graded-simple if BB ^ {0} and graded ideals of B are only {0} 
and B. 

(b) Suppose that B is graded-simple. Then C{B) = ®xeA C(B)'^ is a unital 
commutative associative A-graded algebra where 

C{B)^ = {c e C{B) I cB" c 6^+^ for a* e A}, 

and rA(i3) := suppj^{C{B)) is a subgroup of A [BNl Proposition 2.16]. We 
call Tj^{B) the central grading group oiB. We say B is graded- central- simple 
if B is graded-simple and C(i3)° = fc • id. 

Definition 2.1.3. Let A, A' be abelian groups. 

(a) Suppose that B and B' are A-graded algebras. Then we say B and B' are 
A- graded-is amorphic if there exists an algebra isomorphism ip : B —> B' 
such that 

ip{B^) = B'^ 

for A G A. In that case, we call (p a A-graded-isomorphism, and we write 
B -A B'. 

(b) Suppose that ;B is a A-graded algebra and B' is a A'-graded algebra. Then 
we say B and i3' are isograded-isomorphic if there exist an algebra isomor- 
phism Lp : B ^> B' and a group isomorphism (^a : A -^ A' such that 

for A £ A. In that case we call Lp an isograded-isomorphism, and we write 
S ^ig B'. 

To define a multiloop Lie algebra, we use the following notation. Suppose that 
A is an algebra. We denote the set of n-tuples of commuting finite order automor- 
phisms of A 

{(cti, . . . , Un) G Aut(.4)" I UiGj = UjGi, ord(cri) < cx) for all i,j} 

by AutJ^fo(^). For cr = (cTi, ..., cr„) e Aut;?fo(.4), we put 

A'^ = {u ^ A\ CFi{u) = u for 1 < J < n}, 

and we write ord((T) — (ord(cri), . . . ,ord(CT„)) € Z"q. 

A multiloop Lie algebra has been defined in [ABFPlj as follows: 

Definition 2.1.4. Suppose that A is an algebra. Let n G Z>o, and assume that 
(T = ((Ti, . . . , cr„) G Aut"fo(^) and m = (mi, . . . , r7i„) G Z"g satisfy 

o-f • = id for l<i<n. 

(Henceforth, we write cr'^ = id to denote this condition). Note that we do not 
necessarily assume that each m^ is an order of cji. For A = (/i, . . . , Z„) G Z", let 

A = (^1, . . . , /„) G Am{= Z/miZ X • • • X Z/m„Z) 

be the image of A under the canonical group homomorphism from Z" onto A^. 
Using (T and m, we define a Am-grading on A as follows: for A — {h, ...,/„) G A^, 

A^^"-"^^ ■.= {ueA\a^{u) = Ci;,.u forl<i<n}. (2) 
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(We usually use a notation A"^ instead of A'^^°'-'"'> when it is obvious from the 
context that A is graded by cr and m) . Then we can define a Z"-graded algebra 

Mrr,{A,CT)= A^<S)t^cA<»k[t^\...,tt^] (3) 

where for A = (Zi, . . . , In), we put t-^ = i^Hj^ ■ ■ -tl^- We call the Z^-graded algebra 
Mm{A,(T) the multiloop algebra of cr (based on A and relative to m). We call n 
the nullity oi AIm{A,(T). 

By [ABFPli Proposition 8.2.2], we have the following: 

Lemma 2.1.5. Suppose that A is a central- simple algebra, and B — Mm{A,cr) is 
a multiloop algebra of cr E Ax\.i^^^{A) relative to m — (mi, . . . ,to„) G Z"q where 
cr'^ = id. Then B is a graded- central- simple Z," -graded algebra, and 

Tz" {B) = miZ X • • • X m„Z C Z". 

where Txn{B) is the central grading group of B. In particular, the rank ofTz^iB) 
is n. D 

We use the following notation. Let A be an algebra and cr = (cti, . . . ,cr„) G 
Aut"fo(^). For P = (py) e GL„(Z), we set 



CT^ 



( n -r, n '^r,---, n ^^r-)- 



Since cr^'s commute with each other and each ai has a finite order, cr^ E Aut"fQ(,4). 
It is easy to check that (cr^)Q = ^pQ for P, Q £ GL„(Z). Therefore, P : a ^ a^ 
defines aright GL„(Z)-action on Aut^f^^A) . HA' is another algebra and ip : A ^t A' 
is an algebra isomorphism, we write 

ipaip-^ = (</?criV3"\...,(/3a„(/j"^) e Aut"fo(^')- 

The following definition is introduced in 'ABFPl, Definition 8.1.1] (in the defini- 
tion, we let diag(ai, . . . , a„) denote an n-diagonal matrix with the diagonal entries 
(ai, • ■ • ,an)): 

Definition 2.1.6. For m — {nii, . . . , nin) G Z"q and m' = (m'^, . . . , r7?4) G Z"g, 
we set Z?^ = diag(mi, . . . ,m„), D^,' = diag(mi, . . . ,?7iJ^). For P G GL„(Z), we 
say that P is im' ,m)- admissible if Dm'^PD^ G GL„(Z) where *P is a transpose 
of P. 

Proposition 2.1.7. Suppose that A and A! are central- simple algebras. Assume 

that (T G Aut;?fo(^), cr' G Aut"fo(yl') anrf m, m' G Z% satisfy cr"^ = id, cr""' = id. 

Lef S — Mm{A,cr),B' = M.m,'(^'7 cr')- T'^e'^- the following two statements are 
equivalent: 

(a) B -ig 6'. 

(b) There exist a matrix P G GL„(Z) and an algebra isomorphism if : A —^ A' 
such that P is {m' ,m)- admissible and 

(t' = ipcT^ <p-\ (4) 

Moreover, if P and Lp satisfy (b), we can take an isograded-isomorphism -0 : S — > S' 
satisfying ip(x (X> 1) = ^{x) (8> 1 for x G A"^ . 
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Proof. The first statement is jABFPli Theorem 8.3.2 (ii)]. Suppose that P, ip satisfy 
(b), and let g = Dm'^PD:^ G GL„(Z). If we define i^ : B ^ B' as 

B^5x(S)t^^ fix) i^'^ G B'^''^ 

for A G Z",a:: G ^'^t".'") , then ip is an isograded-isomorphism by |ABFP1[ Proposi- 
tion 8.2.1]. It is clear that ^{x 1) = ip{x) 1 for a; G ^4,*^. D 

2.2. Support-isomorphism. Let i3 be a A-graded algebra for an abelian group A, 
and take a subgroup Agub Q A such that (supp^(i3)) C Agub- Since B — (Bx^a^^^^B^, 
we can consider B canonically as a Agub-graded algebra. In particular ,we can see B 
as (suppA(i3))-graded. 

Definition 2.2.1. Let A, A' be abelian groups, and suppose that B is a A-graded 
algebra and B' is a A'-graded algebra. We say B and B' are support-is ograded- 
isomorphic (or support-is omorphic, for short) if there exist an algebra isomorphism 
if : B ^ B' and a group isomorphism (psu : (supp^(;B)) — > (supp^/(B')) such that 

for A G (supp^(B)): in other words, if B is considered as (suppyv(;B))-graded and 
B' as (suppA/(i3'))-graded, then B and B' are isograded-isomorphic. In that case, 
we call (p a support-isograded-isomorphism (or support-isomorphism, for short), and 
we write B =supp B' . 

The following Lemma is obvious from the definitions: 

Lemma 2.2.2. Let A, A' be abelian groups, and suppose that B is a A-graded algebra 
and B' is a A'-graded algebra. 

(a) IfB^i^B', then B ^snpp B' . 

(b) // /suppA(yB)) = A and (snpp At{B')') — A', then B ^ig B' is equivalent to 

*-^ — supp ^ ■ I — I 

We would like to give a necessary and sufficient condition for two multiloop 
algebras based on central-simple algebras to be support-isomorphic. To do this, we 
need the following lemmas. 

Lemma 2.2.3. Let A be an algebra, a G Aut"fQ(^). Then there exists P G GL„(Z) 
such that 

(supp2„(M„,d(.n(-^''^''))) = ^"- (5) 

Proof. Let G = ({cti, . . . , cr„}). By }ABFP2[ Proposition 5.1.3], there exists P G 
GL„(Z) such that 

n 

\G\^X{ovd{af), (6) 

where \G\ denotes the cardinal number of G and cr^ = [erf , . . . , crf^). By |ABFPH 
Lemma 3.2.4], © is equivalent to (O. □ 

Lemma 2.2.4. Let A be an algebra and B — Afm(^, "") be a multiloop algebra of 
nullity n. Then it follows that 

B =supp Aford(<T)(-4, <t). 
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Proof. Let fli G Z>o be a positive number such that ord(o'i) ~ mi/ ai for \ <i < n. 
We write i3ord(<T) — Aford(CT)(-4, cr). Let /„ : Z" ^ Z" be a monomorphism defined 
as 

fa{{h, ■ ■ ■ , In)) = (oi/i, . . . , a„Z„) 
for (/i,...,;„) e Z". By H]), we have Cm^ = Cord(dri)- Using this, for A — 

[h, ■ ■ ■ Jn) G Z>Oj 

^A(„,„d(„)) = {y £ _4 I cr,(u) = Co,d{ai)'^ for 1 < i < 7l} 

= {w e ^ I a.,{u) = Cnll'u for 1 < i < n} (7) 

Next, suppose that A — (/i, . . . ,Z„) ^ Im/a. Then there exists j such that Oj \ 
Ij, and then obviously A^'^""^^ — {0}. Consequently, we can define an algebra 
isomorphism cp : i3ord(<T) ^ ^B as 



for A G Z". Then /„ ((suppzn(Bord(CT)))) = (supPz"('B)), and the above isomor- 
phism is indeed a support-isomorphism. D 

Proposition 2.2.5. Suppose that A^A' are central- simple algebras, and let B ~ 
Mmi-^i "") o.'i^d, B' = Mm'{A' , cr') he multiloop algebras of nullity n. Then B =supp 
B' if and only if there exist P G GL„(Z) and an algebra isomorphism tp : A ^ A' 
such that 

a' = p<TPp>-\ (8) 

(In particular, it does not depend on m or m' whether or not B =supp B' ). More- 
over, if P £ GL„(Z) and an isomorphism, (p : A —> A' satisfy ([8]), then we can take 
a support-isomorphism ip : B —> B' satisfying 'ip{x ^ 1) — ip{x) (8) 1 for x € A^ . 



Proof. First, we show the "if" part. Let M = l.c.m{m, m'} e Z>o be the least 
common multiple of 2n positive numbers toi, . . . , ?n„, thIy, . . . , jtiJj, and let M = 
(M, M, . . . , M) e Z!^o- Obviously, cr^ = a'^ = id. By Lemma [21131 

B =supp -A4rd((T)(-4, <t) ^supp Mm{A,(j) 

and 

B — supp -^^ord(<T')(-^ 1 "" ) — supp Mm{A , (T ). 

It is clear from Definition 12.1.61 that P is (Af , Af )-admissible, and then it follows 
from Proposition 12.1.71 that 

in particular Ma^(^, cr) =supp A/jvf(^', cr') by Lemma 12.2.21 Thus, we have 
B =supp B' , and the "if" part follows. The second statement of the proposition 
is easily checked from the above proof of "if" part, using Proposition 12.1.71 and the 
proof of Lemma [2.2.41 Next, we show the "only if" part. By Lemma [2.2.31 there 
exist Q,R€ GL„(Z) such that 



^supp2„ (A4rd(.Q)(A'T'2)) j = Z", 

and 

Jsupp^„(M,,d(.-)(^',T'«)))=Z'^ 
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We abbreviate 

Bq = Mo,d(.e)(^, (tQ) and B^ = M,,^^^,r,){A' , a'''). 

From the "if" part and the assumption, wc have Bq =supp B ^supp B' =supp S'j^. 
Then Bq =ig B'j^ by Lemma E".2. 21 (b). From Proposition 12. 1.7[ there exist S £ 
GL„(Z) and an algebra isomorphism ip : A —^ A' such that a' = ipcr'^^ip^^. Then 
we have cr' = ipa'^^^ f'^- D 

3. Multiloop Lie algebras 

3.1. Preliminary lemmas. Suppose that g is a finite dimensional simple Lie al- 
gebra. Note that g is central-simple since k is algebraically closed. For n S Z>oi 
let (T = ((Ti, . . . , o-„) G Aut"fQ(0) and m ~ (mi, . . . , m„) e Z"g satisfying cr"* = id. 
As ([2]), we define a A^-grading on g as 

0^(=gV,™)):={g£g|a,(g)=C,'A.5 forl<i<n} (9) 

for A = {li, . . . ,ln) G A^. We denote the Killing form on g by ( | ). Recall that the 
Killing form is non-degenerate on g, invariant, and symmetric. 

Lemma 3.1.1. g'^(= g*') is a reductive Lie algebra. 

Proof. Take non-zero arbitrary elements x^ S g^, x'^ £ q^ for A — {li, . . . ,ln), 
p, — (ri, . . . , r^) e Am. Since ( | ) is preserved by any automorphisms, we have 

ix''\xn = {Mx'^)w^ixn)-cikt'''i^'\^n 

for 1 < i < n. This means that 

(x^|a;^) = unless A + /2 = eA^. (10) 

In particular, since ( | ) is non-degenerate on g, this form is also non-degenerate on 
g"' . If wc consider g as a representation of g*^ by an adjoint action, we can see using 
the definition of the Killing form that g*^ satisfies the condition (d) of |Bli Chap. 
1, §6, Proposition 5], which is equivalent to the condition that g*^ is reductive. D 

Remark 3.1.2. Note that it is possible that g*^ — {0}. 

Assume that g*^ j^ {0}. Since g*^ is reductive, we can take (and fix) a Cartan 
subalgebra (i.e. a maximal ad-diagonalizable subalgebra) f) of g*^. Note that f) is 
not necessarily a Cartan subalgebra of g. 

Lemma 3.1.3. (a) ( | ) is non- degenerate on \). 

(b) t) is ad-diagonalizable on g. 

Proof, (a) We have the root space decomposition of g*^ with respect to t) 

0*^ = 9a, 

where g^ := {g e g'^ \ [h,g] = {a,h)g for h e f)}. Note that g^ = \). For h e \), 
a,/3 e f)* and a; G g^,y £ g^, 

{a,h){x\y) = {[h,x]\y) = -{x\[h,y]) = -{/3,h){x\y) 

since ( | ) is invariant. This means that 

(a;|2/) = unless a + /3 = 0. (11) 
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Hence (a) follows since ( | ) is non-degenerate on g*^ as we have shown in the proof 
of Lemma 13.1.11 

(b) Assume that for some /i £ f), adg(h) is not ad-diagonalizable. We denote the 
Jordan decomposition of adg (h) by 

adgih) = S + T S,T eglig), 

where S is the semisimple part and T is the nilpotent part. Then T ^ 0. By [Hi 
Lemma 4.2.B], T is a derivation on g. Hence, there exists some non-zero element 
/iT S fl such that adg(ft.T) = T since g is simple. Due to the property of the Jordan 
decomposition, there exists a polynomial f{t) e k[t] such that 

T = adJ/iT) = /(ad,(/i)), (12) 

and we have using this that 

adg(;iT)(0^)Cg^ forAeA^ (13) 

since h S g"^. Thus, we have hr £ g*^. From P^ . T\g^ = Sid^T^hT) is diagonal- 
izable. Then since adgo-(/i7i) is nilpotent, we have adgo- (/it) = 0. Hence, we have 
hx & i), which means that [2:, /it] = for all z G f). It follows from this and the 
nilpotency of adg (/it) that 

(z|/it) = Tr(adg(z) adg(/iT)) = for aU z € f). (14) 

By Lemma [3. 1.31 (a) and (fT4| . we have hx — and this contradicts the assumption. 
Hence, (b) follows. D 

3.2. The definition of multiloop Lie algebras. In section[21 we have defined a 
multiloop algebra based on a general algebra. By the abuse of language, we use a 
term "multiloop Lie algebra" in a different sense from that. 

Suppose that g is a finite dimensional simple Lie algebra. For n e Z>o, let 
(T = ((Ti, . . . , cr„) e Aut"fo(g) and m — {mi, . . . , nin) € Z"q satisfying cr^ — id. In 
the following, we define a subalgebra f) C g*^ and an abelian group Qfj, and then 
we define a multiloop Lie algebra Lmid, cr, f)) as a Qf) x Z"-graded Lie algebra. 

First, we assume that q'^ ^ {0}. In this case, we take [) as a Cartan subalgebra 
of g"^. By Lemma [3.1.31 (b), we can define the root space decomposition of g with 
respect to f), which we denote by g = ®aeh' 0" where Qa '■= {g & Q \ [h,g] = 
{a,h)g for h e f)}. Put 

A = supp^.(g)\{0}cr, 

and let Qi-, :— X)aeA ^"^ — ^* ■ This grading, together with the grading defined in 
(O, gives a Qi, X A^-grading on g as 

0= sl (15) 

Then we can define a Qi-, x Z"-graded Lie algebra L^(g, cr, [)) as 
L^(g,a,f))= Bl^t\ 

(a,A)GQ(,xZ" 

Next, we assume that g"^ = {0}. For the notational convenience, in this case we 
let i) — q"^ = {0} and Q^ be a trivial group, and we define 

L^(g,cr,f))= g^(g,t^. 

AeZ" 
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Also in this case, we consider irn(0,cr, f)) as a Qi, x Z"(= Z")-graded Lie algebra. 
Note that, as a Z"-graded Lie algebra, Lm(0,cr, I)) = Af„i(g,cr). 

Definition 3.2.1. Suppose that g is a finite dimensional simple Lie algebra, cr e 
Aut"fQ(0), and m e Z"o such that er*" — id. Then we call the Qi, x Z"-graded 
Lie algebra Lm{g,<T,l)) defined above the multiloop Lie algebra determined by 
0, (T, m, f). We call the positive number n the nullity of Lm(0, cr, f))- 

Remark 3.2.2. (a) fir the definition of a multiloop algebra M.rn(^jCr)i -^ is not 
supposed to be either finite dimensional or simple. Thus, it may be more appro- 
priate to call Lm{s,c,^) in Definition 13.2.11 a multiloop Lie algebra based on a 
finite dimensional simple Lie algebra. In this paper, however, we consider a finite 
dimensional simple case only. Thus, we call it simply multiloop Lie algebra. 

(b) Even in the case where g"' ^ {0}, A := suppg (g) \ {0} does not necessarily 
coincide with the root system of g since f) is not necessarily a Cartan subalgebra 
of g. It is, however, proved in the next subsection that A is a irreducible (possibly 
non-reduced) finite root system. 

Henceforth, we identify g*^ with Lm{Q, cr, f))*' and consider g*^ as a Lie subalgebra 
of Lmis, c, f)) by this identification. 

3.3. The property of A. Let g be a finite dimensional simple Lie algebra, cr = 
(cTi, . . . , o-„) G Aut"fQ(g), m = (mi, . . . , m„) G Z"q where <t'" = id, and suppose 
that g*^ ^ {0}. We take a Cartan subalgebra i) Q g"^ , and define a Qf, x Am,-grading 
on as ([T5|) . Put A — suppg^ (g). 

First, since g is finite dimensional, the following lemma is obvious: 

Lemma 3.3.1. A is a finite set. D 

Next, by Leinma l3.1.3l (a). we can define an isomorphism v : f) — > f)* canonically 
by setting 

{v{h),hi) = {h\hi) for /i, /ii e f). 
Then we can also define a non-degenerate bilinear form ( | ) on f)* by setting 

(a|/3) = {v-\a)\y-^{(3)) for a,/3 £ \)* . (16) 

Lemma 3.3.2. The k-span of A coincides with t)* . 

Proof. We assume that the fc-span of A does not coincide with fj*. Then there 
exists some non-zero element h E i) such that {a, h) = for all a € A, which 
means that [h,Qa] — for all a e A. Hence, we have [/i,g] = since h £ i), which 
contradicts the simplicity of g. D 

Let a e A and A £ Am such that g^ ^ {0}. We have using (dH]) and ((Til) tl^^* 
gZa 7^ {0} since ( | ) is non-degenerate on g. Thus, we can take non-zero elements 
^a £ 0a and xZa e Q-a- ^^T /i £ (), wc havc 

mxlxzl]) = {[h,xl]\xzl) - {a,h}ixl\xzl) - (/ik-i(a))(x^|xl^). 

Thus we have 

[xlxZl]^{xl\xZl)i^-\a)el) (17) 

since ( | ) is non-degenerate on t). 

Lemma 3.3.3. For a £ A, (a|a) ^ 0. 
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Proof. For some a G A, we assume that {a\a) — {a,iy^^{a)) — 0. We can take 
^ x^ e 0^ for some A £ A^. Then there exists some element xZ^ £ B-a 
such that {x^\xZa) ~ 1- ^Y G3 ^^^ the assumption, we can see that the Lie 
subalgebra of g spanned by {i'^^{a),x'^,xZa}, which we denote by S, is a three- 
dimensional nilpotent Lie algebra. Then since adg(5) ~ S is also nilpotent (in 
particular, solvable) and adg(i^~^(a)) G [adg(S'),adg(S')], it follows from the Lie's 
theorem that a,dg(i'~^{a)) acts nilpotently on g. From this and Lemma 13.1.31 (b), 
it follows that adg(i/^^(Q!)) = 0. This forces a = 0, and this is contradiction since 
0^ A. D 

Let a e A and A £ A^ such that g^ ^ {0}. By Lemma 13.3.31 2{a\a)~'^ G k 
exists. Thus, we can choose non-zero elements x^ G g^ and xZ^ G 3-a satisfying 

- - o 

[x^ \x_^) 



{a\a) ' 
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(a\a) 

[h^,xl]^2xl [h^,xzl] = -2xzl (19) 



and we set 

Then we have 

and using (fT7|) . 

[xl,xzl]^h^. (20) 

By (fl^ and (|20p . we can see that the Lie subalgebra of g spanned by these three 
elements {x^,xZaiha} is isomorphic to sl2(fc). We call the set of these three ele- 
ments a sl2{k)-triple with respect to (a. A). Note that this set is defined only for 
the pair {a, A) satisfying g^ 7^ {0}. Also, note that for some a G A it is possible 
that ha is contained in more than one s[2(fc)-triples. 
For a G A, we define a refiection s^ on [)* by 

Sa(7) = 7- (7,/ia)afor7G f)*. (21) 

Lemma 3.3.4. Let a,/3 G A, then 

(a) {(3, ha) gZ, 

(b) Sa(A) = A. 

Proof. We have some A,/2 G Am such that g;^ ^ {0} and 2^ 7^ {0}, and by the 
above construction we can take a sl2(fc)-triple {x^jXZai h-a} with respect to (a. A). 
Let Sa be the subalgebra of g spanned by these elements. 

(a) We can consider g as a S'^-module by the adjoint action. Since g^ is nonzero 
eigenspace for ha, (a) follows from the representation theory of s[2(A:). 

(b) It suffices to show that 

sa{(3) e A. (22) 

We construct an automorphism of g using the elements x^ and xZa- Since A is a 
finite set and 

ad(a;^)(g^) C g„+^ 

for 7 G A U {0}, we can see that ad(a;^) is nilpotent, and so is ad(a::lQ,). Therefore, 
Oa := exp(ad(a;^))exp( - ad(a::^))exp(ad(a;^)) G Aut(g) 
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is a well-defined automorphism of g. To show ([22|) . it suffices to show that 
Let X/j G Qp. For /i G f) such that (a, h) ~ 0, using 9^{h) ~ h, we have 

[h,0l{xf3)] = el{[h,x0]) = {p,h)el{xp) = {s^{p),h)el{xp). 

Thus, we have only to check that 

[hc.,el{xp)] = {s^{fi),h^)el{xp). 

This follows from 

el{K) = -K (23) 

and 

(Sq(/3), /Iq) = (/3 - (/3, /la)a, /Iq) = -(/?, ft-a) 

( (P5)l follows from an easy calculation in s[2(fc)). D 

Now, we show the following proposition: 

Proposition 3.3.5. Let q he a finite dimensional simple Lie algebra and cr = 
((Ti, . . . ,cr„) £ Aut"fQ(0) such that g*^ ^ {0}, and let \) be a Cartan subalgebra of 
g*^. Then A := suppg (g) \ {0} is an irreducible (possibly non-reduced) finite root 
system (cf. [H Chapter IV]). 

Proof. By Lemma [HXTl IHX^ dH]), ([21]), Lemma|33H(a) and (b), we have that 
A is a (possibly non-reduced) finite root system. Thus, it suSices to show that A is 
irreducible. We assume that A = Ai U A2, (AijAg) = and Ai ^ 0. Let g(Ai) be 
a subalgebra in g generated by UaeAiQa- If a G Ai, /3 G A2, we have from Lemma 
13X31 that (a -t- /3|a) ^ {a + /3|/3) ^ 0, and then we have a + l3 ^ A. Thus, since 
a -|- /3 7^ we have Sa+i3 — {0}, and this means 

[0a,0;3]-O. (24) 

Then we can easily see that g(Ai) is a nonzero ideal of g, which coincides with g. 
Since [g/3,g(Ai)] = for any /3 G A2 by IMD, A2 = 0. D 

Then the following corollary is obvious from the definition of a multiloop Lie 
algebra L^(g,o-,()). 

Corollary 3.3.6. Let g, f), cr be as in Provosition \3. 3. 5l (in particular, g"^ 7^ {0}j, 
and let m & Z" satisfy cr'^ ~ id. Then A :— suppg (im(0,cr, f))) \ {0} is an 
irreducible (possibly non-reduced) finite root system. D 

4. Support-isomorphism of multiloop Lie algebras 

Let £ ~ im(0,cr, f)),'C = Lm'{Q',(T\l}') be multiloop Lie algebras of nullity 
n. As defined in the previous section, £ is Qi, x Z"-graded and £,' is Qtj' x Z"- 
graded. Thus, £ and £' are support-isomorphic if and only if there exist a Lie 
algebra isomorphism 1^9 : £ ^ £' and a group isomorphism ipsu '. (suppg xZ"('2)) ~^ 
(™PPq^,xZ"('2')) such that 

^(ii^)=£'a' 
for (a, A) G (suppg xZ"('^)) where we set (/3su((a, A)) — (a'. A'). The goal of this 
section is to give a necessary and sufficient condition for £ and £' to be support- 
isomorphic. 
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4.1. Some isomorphisms. In section [21 we have observed the conditions for two 
muhiloop algebras, which are Z"-graded, to be isograded-isomorphic or support- 
isomorphic. To apply those results to multiloop Lie algebras, which are Qi, x Z"- 
graded, we define the following: 

Definition 4.1.1. Let £ and £' be multiloop Lie algebras of nullity n. Note that we 
can see £, and £,' as Z"-graded Lie algebras by considering only their Z"-gradings. 

(a) We say £ and £' are !,"■ -isograded-isomorphic if £ and £' are isograded- 
isomorphic as Z"-graded Lie algebras. In that case we write £ =zn_ig £'. 

(b) We say £ and £' are 7/^ -support- isomorphic if £ and £' are support- 
isomorphic as Z"-graded Lie algebras. In that case we write £ =z"-su Z! . 

The following lemma is immediately follows from Proposition 12.2.51 

Lemma 4.1.2. Let £ = Lm{Q,o-,\)) and £' = im'(0',cr', ()') he multiloop Lie 
algebras of nullity n. Then £ ^z^-su S,' if and only if there exist P G GL„(Z) and 
an algebra isomorphism (/? : g — > g' such that a' = (pa ip~^ . D 

The following proposition, which can be proved in the almost same way used 
in the proof of [ABFP2i Proposition 2.1.3], shows that if two multiloop Lie alge- 
bras are Z" -isograded-isomorphic or Z"-support-isomorphic, then we can choose 
the isomorphism preserving the root grading. In particular, if two multiloop Lie 
algebras are Z"-isograded-isomorphic (resp. Z"-support-isomorphic), then they are 
isograded-isomorphic (resp. support-isomorphic). 

Proposition 4.1.3. Let £ = Lm{Q, cr, f)) and £' = Lm'i^', c', f)') be multiloop Lie 
algebras of nullity n. If Z and Z' are 77^ -isograded-isomorphic (resp. 7/^ -support- 
isomorphic), then we can choose a 'Z'^ -isograded-isomorphism (resp. 77^ -support- 
isomorphism) if satisfying the following condition: there exists a group isomorphism 
^Q '■ Qt, —^ Qt,' satisfying 

^(£o)=£;«(o) (25) 

for a GQt,. 

Proof. We only show the Z"-isograded-isomorphic case. (The proof of the other 
case is same). Let (^a' :£—»£' be a Z"-isograded-isomorphism. If q"' = {0}, 

we have g'*^ ~ £' ~ 'p{^'~') = {0}. In this case both Qij and Qf,/ being trivial 
groups, (|25l) obviously follows if we put (p = (p' . Next, suppose g*^ ^ {0}. If a 
Z"-isograded-automorphism -0 : £ ^ £ satisfies <p' o ip{t)) — f)', then it is easily 
checked that ip = ip' o ij} satisfies ([25]) for suitable pq. Thus, we show that there 
exists il) satisfying the above condition. By Lemma l3.1.H we can write 

g'^ =5o®si ©••• ©Sfc 

where Sq is a center and Si for 1 < i < fc is a simple ideal. Also, since f) and p''^ (f)') 
are both the Cartan subalgebras of q"' , we can write 

() = 5o © f)i ® • • • © f)fc and p'^^{\)') = 5o © f)'i © • • • © l)fc 

where ()i, f)^ are both the Cartan subalgebras of 5^. Using the technique in the proof 
of [ABFP2|, Proposition 2.1.3], we can take Z"-isograded-automorphisms ijji of £ 
for 1 < z < fc such that V'i(f)i) — ^'i and ipi{g) — g ior g & Sj ii i ^ j. Then 

■0 := "01 ° • ■ ■ ° V'fc satisfies p' o ip{^) = f)'. D 
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4.2. Support-isomorphism of multiloop Lie algebras. 

Definition 4.2.1. Suppose that Q, A are abelian groups, and *B is a Q x A-graded 
Lie algebra. 

(a) Let p : (suppa(*B)} — ^ A be a group monomorphism. We define a new 
Q X A-graded Lie algebra *B(p) as follows: *B(p) = *B as a Lie algebra, and the 
Q X A-grading on ?B(p) is given by 

(^ ^^-/*^"'^^^ if A Gimp 

^^^"^^^ - \{0} if A ^ Imp ^''^ 

for a e Q, A e A. 

(b) Let s e Hom(Q,A) be a group homomorphism from Q to A. We define a 
new Q X A-graded Lie algebra 58*^*^ as follows: as a Lie algebra, S^'*^ = !B and the 
grading on 58*^''-' is given by 

for a G Q, A e A. 

Remark 4.2.2. Under the notation of Definition 14.2.11 (a), we have supp^!B(p) = 
/9(supPa(S)). Thus, we have 

(suppa('B(p))) = p ((suppaCB))) . (27) 

Lemma 4.2.3. Suppose that £, — _L„i(g, cr, f)) is a multiloop Lie algebra, and sup- 
pose that P G GL„(Z),m G Z,"q satisfy (cr-^)'^ = id. Then 0*^ = g*^ , and there 
exists some group monomorphism p : /supp2„(£)) -^ Z" such that £(p) is Qf, x Z"- 
graded isomorphic to L^is, cr^ , ())• 

Proof. By the definition of cr^ , g*^ C g'^ is obvious. Then, since (cr^)^ — cr, we 
have 0*^ = 0*^ . We write £' ~ im,(0, cr^ , f)). By Proposition 12.2.51 we can take a 
Z"-support-isomorphism ^ : £ — > £' such that ^|j,o- = idgo-. Then, since ■0|i) = idfi, 
it is easily checked that 

for a G Qf). Let -^su : (supp2n(£)) — > (supp2„(£')) be a group isomorphism such 

that Vl-C^) = £"^="'^^ for A G (supp^^-C)), and l : (supp^^ii')) ^ ^" be a 
canonical monomorphism. We show that £(to0a„) is Qt) x Z"-graded isomorphic to 
£'. Since £(toi/'au) = -C as a Lie algebra, we can see t/i as a Lie algebra isomorphism 
from £(ioi/.s„) onto £'. If A G (suppz„ (£')), then 

for a G Qf,. Also if A ^ (suppg„ (£')), 



^((%o 



,..)a=m-^t 



for a G Qij. Thus, V' is indeed a Qi, x Z"-graded-isomorphism. D 

For an algebra A and t = (ti, . . . , r„), cr — (cti, . . . ,an) G Aut(yl)", we write 
TO- = (riCTi, . . . , r„(T„) G Aut(^)". 



14 KATSUYUKI NAOI 

Lemma 4.2.4. Let £, = Lm{8,cr,^) be a multiloop Lie algebra of nullity n such 
that q"' ^ {0}, and let s = (si, . . . ,Sn) G Honi((5f|,Z"). For 1 < i < n, we define 
Ti e Aut(g) by 

for a e Qtj,Xa ^ Qa- Then 

TCT € AutSo(0), {Tar = id, (28) 

and i) is a Cartan subalgebra of q^'^ . Moreover, ZS^' is Qt) x 17^ -graded-isomorphic 
to Lm{Q,T(T,^). 

Proof. It is clear that cri, . . . , cr„, ti, . . . , r„ commute with each other and x™ = id. 
Then ((28)l is easily checked. () C q^"' is obvious. If 5 G Q^"^ satisfies \^,g\ = 0, that 
is 5 S O^'^Hgo, tiien we have using r^lg^ — id for all i that g G fl'^'^ngo = fl'^Hgo — h- 
Therefore, [} is a Cartan subalgebra of q^'' . For a G Qi,, A = (^1, ...,/„) G Z", 

ga<""'"' = {g e Qa I Tiai{g) = Cm^ff for 1 < i < n} 

= {5e0„|a,(5)=C^+^'(")5 forl<»<n} 



_ >>+s(«)(„,r„) 

— yet 

Therefore, 

Lmis, ra, ^)l^g®t^^g® t^+-(") e (£(^))^ = £^^(") 
defines a Qi, x Z"-graded-isomorphism. D 

We introduce the following notation: if g G Q is expressed as g = a/b where 
a G Z and h G Z>o, then we set 

By ©, C is well-defined. 

Now, we show the following theorem: 

Theorem 4.2.5. Let £ = Lm,(g, c, f)) a?irf £' = Lm,'(0', t', [}') &e multiloop Lie 
bras of nullity n. Then the following statements are equivalent: 

yB,) Xj ^supp ^ ■ 

(b) There exist s = (si, . . . , s„) G IIom((5ij, Q"), P G GL„(Z) and a Lie algebra 
isomorphism ip : g —> g' satisfying the following condition: if we define 
Ti G Aut(g) for 1 < i < n as 

n{xa.) = C^"^a;„ (29) 

for a G Qf,, Xa G go and r = (ti, . . . , r„), then 

a' = (p{t(t) (f^ . 

(c) There exists a finite sequence of Qtf x "Z^-graded Lie algebras £0, £1, . . . , £p 
satisfying the following three conditions: 

(i) £0 = £. 

(ii) £p — Z"-ig £'• 
(iii) For 1 < « < p— 1, £i+i is either 2,iip.\ for some group monomorphism 

Pi : (suppz-.(£0) -^ Z" or £,("*^ for some Si G Hom(Qi,,Z"). 
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Proof, "(a) ^ (b)" If g'^ = {0}, then £ ^^upp £' means £ ^Z"-su £', and (b) 
follows from Lemma [4.1.21 Thus, we suppose that g"^ ^ {0}, and let ip : £, ^ £,' 
be a support-isomorphism. Then V'(f)) = f)'i and if we define -0 : f)* ^ [)'* as 
(1/1(0), '0(/i)) = (a, h) for a G f)*, ft- £ f], it is easily checked that ip{2a) — •C'- for 

a e Qij. Thus, we can see ip as a group isomorphism from Qi, onto Qf,'. We define 
a group homomorphism p : (suppg xz^C-^)) ^ ^" ^^ 

for (a, A) G (suppg xZ"('2))- By Corollarv l3.3.6i A :— suppg (£) is an irreducible 
finite root system. Let $ be a base of A, and for each a G $, we take Aq, G Z" 
such that £^° ^ {0}. Since $ is a Z"-basis of Qi,, we can take t = {ti, . . . , t„) G 

Hom(g[,,Z") satisfying i(a) = A„ for a G $. Then since (£(*))° = £T^ ^ {0} for 
a G $, (Qi,,0) C (suppg^x2"('2^*^))- Thus, we have 

(suppQ,xz4£^*^)) = {(a, A) I a G Qh,A G (suppz„ (£(*)))}, 
and then we have 

(suppQ^xZ"(-C)) = {(a,A + t(a)) | a G Q^, A G (supp^„ (£(*))>}. (30) 
Next, we define u— (wi, . . . , m„) G Hom((3i,' , Z") as 

u(V'(a)) =p(a,t(a)) 

for a G Qij. Since £ — £(*^ and £' = £,'^"' as Lie algebras, we can consider -0 as a 
Lie algebra isomorphism from £(*) onto £'^"\ Let a G Qi, and A G (supp2i.(£^*'')). 
Then {a,X + t{a)) G (suppg^ xZ"('2)) by jSQl). Thus, we have 

and this means 

for A G (supper. (£*•*')). Since the map A 1-^ p((0,A)) is additive, the Lie algebra 
isomorphism ip is indeed a Z"-support-isomorphism from £(*^ to £'^"\ We define 
n G Aut(0), f/ G Aut(0') for 1 < i < n as n{xa) = Cm* a;^ for a eQt,,Xa e Qa, 
and r,'(y/3) = Q''''^y/3 for a G Qi,^,yp G 0^3. By Lemma Iffll £<*) =q,xZ" 

^m(0,-?cr,l)) and £'^"' =q^,xZ" L^'(0',f'(T', ()') where f = (n, . . . ,f„) and f == 
(f{, . . . , f^). Therefore, we have 

and then from Lemma [4. 1.21 there exist P G GL„(Z) and a Lie algebra isomorphism 
V ■ 3 ^ S' such that 

f'a' ^(f{T(Tf^-\ (31) 

Using a similar argument as the proof of Proposition I4.1.3i we can suppose that 
(p(t)) = f)'. Under this assumption we define ^ : Qt, ^ Qtf' as {(p{a) , Lp{h)) — 
(a, h). Adding this, we set P^^ = [qij), and finally we define s — (si, . . . , s„) G 
Hom(Q^,Q") as 



m- ^ — ^ m. 



Uj o in. 

. to; 

3 ■> 
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If n is defined as ([29|) . 




nM=\ ncr^-^^^"» ■c^'^'^x^^^-'oi nrj-"'^ o^of,(x„) 



J 



for a IE Qtj,Xa G 0q- Thus, r = (ip ^f' ^ ^] '^- Then we have from ([3T|) that 

and (b) follows. 

"(b) ^ (c)" Suppose that s e Hom(Q[,,Q"),P e GL„(Z) and Lp satisfy (b). For 
1 < i < n, let ai e Z>o be a positive number satisfying 

aiSi{a) G Z for all a e Qi-,, 

and let rh = (oittii, . . . , a„m,„) e Z"q. From Lemma [4.2.31 there exists a monomor- 
phism pi : (suppzn(£)) —* Z" such that 

-^(pi) — Qi, xZ" -^»fi(fl,cr, f))- (32) 

If we set t — (aiTTiisi, . . . , a„TO„s„), we have using Lemma 14.2.41 that 

LrfiiQ, 0-, f))**^ =Q„ XZ" im(S, T(T, f)). (33) 

Using Lemma [4. 2. 31 again, there exists p2 : (supp^n {Lfh{Q, Ta^ ()))) -^ Z" such that 

L^(0,rcr,())(p^) ^Q^xZ" im'(fl>(T'y)^:f))- (34) 

By the assumptions and the definition of a multiloop Lie algebra, it is easily seen 
that 

£'=Z-igi,r.'(0,(T<T)^,f)). (35) 

Then from ^, JSSD, dSD and ([MD, £o = £, £i - ^(p,),&2 - £i'*\£3 = £2(p,) is 
the finite sequence satisfying (c). 

"(c) => (a)" Suppose that the sequence £o, £i, . . . , £p satisfies (c). Then Zp =ig 
£' by Proposition 14. 1 .31 and we have £p =supp -C' from Lemma [2.2.21 (a). Thus, 
it suffices to show that £ =supp ^(p) for a monomorphism p : <'suppg„(£)) — > Z", 
and £ =supp ■C^'*'' for s G IIom((5[,, Z"). The first statement is proved as follows. 
Since £ — £(p) as a Lie algebra, an identity on £ induces a Lie algebra isomorphism 

from £ onto £(p). Then since this isomorphism sends £^ to (£(p))q ' for (a. A) G 
(suppg^xil-^))! this isomorphism is indeed a support-isomorphism. To show the 
second statement, we consider a Lie algebra isomorphism £ — > £^^^ induced by an 
identity on £. This isomorphism sends £^ to (£'^''^)a for a G Qij,A G Z". 

Since the map 

Q^ X Z" 3 (a. A) ^ (a, A - .s(a)) G Qi, x Z" 

is a group isomorphism, this isomorphism is indeed an isograded-isomorphism. 
Then £ =^supp £<") by Lemma [222] (a) . □ 
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5. The relation among multiloop Lie algebras, Lie tori and extended 

AFFiNE Lie algebras 

E. Neher has introduced in [N; to construct EALAs from Lie tori. In this chapter, 
we consider the construction of EALAs from multiloop Lie algebras that are not 
necessarily Lie tori. 

5.1. Lie Z"-tori. In this subsection, using the results of [ABFP2| we give a neces- 
sary and sufficient condition for a multiloop Lie algebra to be support-isomorphic 
to some Lie Z^-torus, which is defined to be a Q x Z"-graded Lie algebra for some 
root lattice Q satisfying several axioms. Since it is not needed for the purpose of 
this article, we do not state the definition of a Lie Z"-torus. (For the definition, 
see |ABFP2[ Definition 1.1.6]). 

If A is an irreducible finite root system, we define an indivisible root system Ajnd 
and an enlarged root system Aon as 

Aind = {a e A I -a ^ A}, 

and 

short root of A} if A has type Bi^l > 1; 
otherwise. 
By |ABFP2[ Proposition 3.2.5], we have the following proposition: 

Proposition 5.1.1. Let £ = im(g,(T,f)) be a multiloop Lie algebra. Then £, is a 
Lie "E^ -torus if and only if the following condition (AO) ^ (A3) are satisfied: 

(AO) m = ord(cr). 

(Al) q'^ is a simple Lie algebra. 

(A2) LfO^Xe supp^^(g), then q^ ^ U^ (B V^ as a q"^ -module, where g"^ acts 
trivially on U^ and either V^ — {0} or V^ is irreducible of dimension > 1 
and the weights of V^ relative to f) are contained in (A)on U {0} where A 
is a root system of g relative to t). 

(A3) |({ai,...,a„})|=ni<.<„ord(aO. 

If £ satisfies the condition in the above proposition, we call £ a multiloop Lie 
l/^-torus determined by g, cr, f). D 

Later, we use the following simple lemmas about a finite dimensional simple Lie 
algebra. 

Lemma 5.1.2. Let g be a finite dimensional simple Lie algebra, cr G Aut"fQ(0) 
and m G Z"q such that cr"* = id and g*^ ^ {0}, and let t) be a Cartan subalgebra 
of g'^ ■ We define the Qt^ x Km-grading on g as in ([2]). Suppose that a G A := 
suppg^ (g) \ {0} and A G A^ satisfy qI ^ {0}. Then 

(a) all = {0}, 

(b) dimg^ = 1. 

Proof. Let {a;^,^!^,, /iq,} be a 5t2(fc)-triple with respect to (a, A), and we denote 

by S^ the subalgebra spanned by these elements. Recall that [g^jgl^] ^ kh^ (cf. 

subsection 13. 3p . 

(a) Suppose that g^a ¥" {0} and take ^ z E g^^- Note that A is a irreducible finite 
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root system by Proposition 13.3.51 Since ad(a;^)(z) = {0} and z is an eigenvector 
for sA(ha^ with eigenvalue 4, 

0<i 

is a 5-diniensional irreducible S';^-module. On the other hand, since 

V contains h^- Then we have S^ C V, and this contradicts the irreducibility of V. 
(b) For w e Qai [^q; ■"'] = by (a). If [xl^, w] = 0, then we have 

and w = follows. Therefore, ad(a;Z„) is an injective /c-linear map from g^ to 
1-dimensional space kha, thus (b) follows. D 

The following lemma follows from |ABFP2[ Lemma 3.2.4]: 

Lemma 5.1.3. Let g be a finite dimensional simple Lie algebra and W is a finite 
dimensional g-module. We set A be a root system of q relative to a Cartan subalge- 
hra t). // the weights of W relative to f) are contained in Aen U {0} and dim Wa < 1 
for a € Aon, then W = U (BV where g acts trivially on U and either V — {0} or 

V is irreducible of dimension > 1 . D 

Theorem 5.1.4. Let £ = Lmis, cr, t)) &6 "^ multiloop Lie algebra of nullity n. Then 
2 is support- isomorphic to some multiloop Lie Z'^-torus if and only if g"^ ^ {0}. 

Proof. First, we show the "only if" part. Suppose that £ =supp jC for a multiloop Lie 
Z"-torus C. Then t) = £^ ^ C^ ^ {0}. Thus, g"' ^ {0} follows. Next, we show the 
"if" part. Suppose that g"' ^ {0}. Let A = suppQ,^ (£) \ {0} and Qt, = Eqga ^^■ 
By Corollarv l3.3.6[ A is an irreducible finite root system. Take an arbitrary base 

$ of A and choose Aq, € Z" for each a G $ such that ga"'"'"'' j^ {0}. Since $ is a 
Z-basis of Qtj, we can take s = (si, . . . , s„) g }ioni{Qtj, Z") such that 

s{a) = Aq for a G $. 

We define t^ e Aut(g) for 1 < i < n as 

t(x ) = ('""'^"^x 

for a e Qi),Xa e ga- Let t ~ (ti, . . . ,Tn) and a = Tcr. Then fi'"^ is Qi, x Z"- 
graded-isomorphic to Lm(g,cr, f)) by Lemma [4.2.41 Then 

g:-(£(^))^=£:(")-0?^<— > 
for a £ A. Thus, we have that 

±$ C suppQ Jg*) C A 

by the construction of s. Since g'^ is reductive, suppg (g*^) = Aind, that is, g'^ is 
a simple Lie algebra with the root system Ajnd- Using (ABFP2i Proposition 5.1.3], 
we can take P € GL„(Z) such that 



|({ai,...,a„})|= n °^d(af) 



l<i<n 
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where we set a^ = (af , . . . ^cr^). We prove that iord(CT^) '■— -^ord(CT-J') (S: ^^ ^ f)) is 
a multiloop Lie Z"-torus. It suffices to show that L^^^i^p\ satisfies (AO) ^ (A3) 
in Proposition 15 . 1 . f1 (AO) and (A3) are trivial and (Af) has been already shown. 
Since the weights of g relative to \) are contained in A U {0} C (Aind)en U {0} and 

dim0Q,*°"™'' < f for a G A, A e A^ by Lemma [5.1.21 (b), (A2) follows from Lemma 
15.1.31 Thus, iord(CT^) is a multiloop Lie Z"-torus. Finally, £ =supp iordfo-^) follows 
from Theorem 14.2.51 D 

5.2. Extended afRne Lie algebras. In this subsection, we consider the construc- 
tion of an extended affinc Lie algebra (EALA, for short) from a multiloop Lie 
algebra. 

First, we recall the definition of an EALA. (The following version of the definition 
is introduced in [N ) . 

Definition 5.2.1. An extended affine Lie algebra over k of nullity n is a triple 
(i?, iJ, ( I )), where £' is a Lie algebra over k, H is a. subalgebra of E, and ( | ) is a 
bilinear form on E, satisfying the following conditions (EAl) ~ (EA6): 

(EAl) ( I ) is a non-degenerate invariant symmetric bilinear form. 
(EA2) _ff is a nontrivial finite-dimensional self-centralizing and ad-diagonalizable 
subalgebra of E. 

Let R = supp^. (E) where we consider a root space decomposition of E with respect 
to H. We define ( | ) on H* in a similar way as (fT6|) and let R'^ = {a € R \ (a|a) = 
0}. 

(EA3) For a G R\R^ and Xa G Ea, ad(a;Q,) is locally nilpotcnt. 

(EA4) R\R° is irreducible. 

(EA5) If Ec is a subalgebra in E generated by {Ea \ a e R\ R^}, then {e e E \ 

[e, E,] = 0} C E,. 
(EA6) (i?°) C H* is a free abelian group of rank n. 
If {E, H,{ \ )) is an EALA, we also say that E is an EALA for short. 

The following definition is introduced in |AFj : 

Definition 5.2.2. Suppose that {E,H,{ \ )) and {E',H',{ \ )') are EALAs. We 

say {E,H,{ \ )) and [E',H',{ \ )') are isomorphic if there exists a Lie algebra 
isomorphism x • -E — > £" such that 

x{H) — H' and {x{x)\x{y))' — '^^^\y) for some a G k. 
Alternatively, in that case we say E and E' are isomorphic as EALAs. 

In [N], E. Neher introduced a construction of a family of EALAs from a Lie A- 
torus where A is a free abelian group of finite rank, and he proved that any EALA 
is constructed by this. Observing that construction, we can see that it can be 
applied to some Lie algebras that are not Lie tori. Indeed, we show in Proposition 
15.2.41 that if a Lie algebra £ with subalgebra t) and a bilinear form ( | ) satisfies 
the following conditions (LI) ~ (L4), we can construct an EALA from them by the 
same construction with Neher's construction: 

(LI) £ = ©AeA-C"^ is a graded-central-simple A-graded Lie algebra where A is a 

free abelian group of finite rank n. 
(L2) A rank of the central grading group F — Fa(£) is n (cf. Definition l2.1.2p . 
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(L3) ( I ) is a non-degenerate invariant symmetric A-graded bilinear form . (( | ) 
is A-graded means that {x\y) = for a: e £^, y G £'' if A + /i 7^ 0). 

(L4) f) C £", t) is abelian, ad-diagonalizable on £ and A := suppu. (£) \ {0} is an 
irreducible finite root system where we consider a root space decomposition 
of £ with respect to [}. 

First, we roughly describe this construction for the later explanation. (For more 
precise description, see [N] or [AFj ). 

Construction 5.2.3. Let £,(),( | ) satisfy (LI) - (L4). For 6 e Hom(A,fc), we 
define a degree derivation de of £ by 

for A e A, x^ G £'*'. We put 

SCDer(£) = C(£)'^ ■ {de \ 0(/i) = 0} 

where C(£) is a centroid of £. Then SCDer(£) is a subalgebra of Der(£). To 
construct an EALA from £, we need following two ingredients: 

(i) Let J) = ©^gr®'^ be a F-graded subalgebra of SCDer(£) such that an 
evaluation map ev : A ^ (S*^)* defined by ev{X){de) — 0{X) is injective. 
Let £ = ®^gr(2?'')* and consider £ as a J)-module by a contragredient 
action. We give £ a F-grading by C = (D"'^)*. 
(ii) Let r:!Dx!D^£bea graded invariant 2-cocycle, i.e. 

r(S)^SD^^)CG:^i+^% T(di,ci2)(d3)=T(d2,ci3)(cii) ford, eS) 

such that r(£),£)°) = 0. 
Then E{£,, X), t) := £ £ © J) is a Lie algebra with respect to the product 

[xi + ci + di,X2 + C2 + ^2] = ([a;i,a;2] + ^1(2:2) - ^2(2:1)) 

+ (o-s(xi,a;2) + di ■ C2- d2 ■ ci +T{di,d2)) 
+ [di,d2] 

for Xi G £, Ci G £, di e S) where a^ : £ x £ — > £ is defined by aoix, y){d) = {d{x)\y) 
for x, y G £, d G £). We can define a bilinear form ( | ) on £'(£, T>, r) by 

{xi + ci -|-di|a;2 + C2 4-^2) = (a;i|a:;2) + di{c2) + d2(ci). 

Then we have the following proposition: 

Proposition 5.2.4. //£, t), ( | ) satisfy the condition (LI) ^ (L4), then E{2,1),t) 
constructed in Construction [57KM is an EALA of nullity n with respect to the form 
( I ) and the subalgebra iJ = f) ® £'^ © D°. 

Proof We only prove (EA5) in Definition [5XlJ We write E = E{£,,'D,t),Ec = 
E{2,T),t)c. Since {e G ^ | [e,Ec] = 0} = £, we show that £ C Ec. Since 
Ec C [£, £], it suffices to show that £ C [£, £]. By (LI) and [ABFPll Lemma 4.3.5 
and 4.3.8] , C(£) = fc[F] as a F-graded algebra where k[T] is a group algebra of F over 
k. Using the above isomorphism, we write C(£) = ©^^gr kf^ where f^^ -t''^ = t^i+^2 
for ^1, ^2 S F. Note that 

(i'' • x\y) = {x\t^' ■ y) (36) 
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for x, 2/ G £, // e r since £ is perfect. We set a F-graded fc-linear space CDer(£) as 
CDer(£) = 0^/^ • {^e | 6* e Hom(A, k)} 

and set CDer(£)g" ^ 0^gp(CDer(£)'')*. We give CDer(i2)s" a T-grading by 
(CDer(£)g")^ = (CDer(£)-^)*. By (L2), we can take a Z-basis {i^i,..., i/„} of T. 
If we define cf G (CDer(£)g")^ for 1 < i < n, /z G T as 

Cit^' ■ dg) = l^^"'^ ifMi+M2 = 
1 otherwise, 

then it is easily seen that {c^ | 1 < i < n,/i G F} is a /c-basis of CDer(£)s'*. We 
define a fc-hnear map a : £,(E) £, ~+ CDer(£)s'* by 

a{x(g)y){d)^{d{x)\y) 

for x,y £ 2,d E CDer(£). We choose a;, y G £ such that {x\y) — 1. Then it is easily 
checked using ([36|l that 

adt"^ ■ x) ® (t-"'-^ ■ y)) ~ a{x (g, (i"^ ■ y)) = cf 

for 1 < z < n,/i G F. Let rj : CDer(£)s''* — > C be a restriction on T), and then we 
have 

[e^-x,t-'^^-^-y]-[x,t-^-y]^7j{c^). 
for 1 < i < n,/i G F. Since £ is spanned by {ri{c'^) | 1 < i < n,/i G F}, £ C [£,£] 
follows. D 

For (£, t), ( I )) satisfying the conditions (LI) ^ (L4), we set 

7'(£) = {{^,t) I D,r are as in (i), (ii) in Construction 15.2.31} . 

Note that V{£) does not depend on [) or ( | ). 

We use the following notation: suppose that (£, f), ( | )) and (£', [}', ( | )') satisfy 
the conditions (LI) '^ (L4). Then we will write 

(£, [),(!)) -EALA (£', t)', ( I )') (or £ -EALA -C' for short) 

if there exists a bijection P(£) -^ P(£') such that E{£,T),t) is isomorphic as 
EALAs to £;(£', S)',t') where (D',t') G 7'(£') is the image of (D,t) G 'P(£) under 
the bijection. In other words, £ ~eala £' means that {£;(£, D, r)|(S),r) G 7'(£)} 
and {£;(£',£)', t')|(X)',t') G 7'(£')} are coincides up to isomorphisms as EALAs. 
Using the above notation, we have the following: 

Lemma 5.2.5. Suppose that (£, f), ( | )) satisfy the conditions (LI) ~ (L4) and we 
set Qtf = X]q6A ^"^ where A = suppf,^(£) \ {0}. (a) Let s G Hom(Qf|,A). For a 
suitable bilinear form ( | )'''-', (£*•*'-',[),( | )*•*'') a^so satisfies the conditions (LI) ^ 
(L4), and £ '^eala £*•*'. (b) Let p : (suppa(£)) -^ A be a monomorphism. For a 
suitable bilinear form ( | )(p) on £(p), (£(p),[),( | ){p)) also satisfies the conditions 
(LI) ~ (L4), anrf £ --eala ^(p)- 

Proof, (a) Since £ = £(*) as a Lie algebra, we can see ( | ) as a bilinear form on 
£("). Let ( I )(") be this bilinear form. Then it is easily checked that (£("\ (), ( | )("^) 
satisfies (L2) ~ (L4). To show that £('''' is graded-central-simple A-graded, suppose 
that / C £('*) is a A-graded ideal. Then / is Qp, x A-graded by (L4). By considering 
/ as a ideal of £, we can see that / = {0} or £("'. Also C(£^''^)° = A; • id is clear. 
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and ii^"^ satisfies (LI). The second statement can be proved by the exactly same 
way as |AF| Corollary 6.3]. 

(b) Since £ = £,rp\ as a Lie algebra, we can see an identity on £ as an isomorphism 
from £ onto £,/p\ . We denote this isomorphism by -0 : £ — » Slip\ , and define a 
bilinear form ( | )(p) on £(p-) as (V'(a;)|'(/'(y))(p) ~ (^^ly) for x,y ^ £,. The central 
grading group of £(p) is p(r). Thus it is easily checked that (£(p) , f), ( | )(p)) satisfies 
(LI) ~ (L4). To show that £ ~eala ^(p)i we first define a map 

P(£)9(D,r)^(S)(p),r(p))G7'(£(p)). 

As in the proof of Proposition l5.2.4l we write C(£) = ©per kt^- Then we can write 
C(£(p)) = ©perfcs''(^^ where 

s''(^) . V'(x) = V'(i^ • 2^) 

for /i e r,a; G £. Let 6 G Hom(A, fc). Since Imp — (supp^(£(p))), we can define 9o 
p^^ as ahomomorphismfrom (supp^(£(p))) tok. Since the rank of (supp^(£(p))) is 

n, there exists unique 9 o p~^ G Hom(A, k) such that 9 o p~A / \ = 9on^^. 

Using this notation, we define a fc-linear isomorphism u; : SCDer(£) -^ SCDer(£(p)) 



as 

for /i G r, G Hom(A, k). Since 

= 0i(M2)cc'(i^^+^^ae,) - 92{piMt^''+''^de,), 

w is a Lie algebra isomorphism. Wc have 

u:{d){i;{x)) = i;{d{x)) (37) 

for d G D, a; G £ since if y G £^, 

a;(i^ae)(V'(2/)) = s''(^)a^-;^,(V'(2/)) = 9^^^ {p{\)) s^^'^'^ ■ ^{y) 
^9{X)i;{t^-y)^i;{t^^dg{y)). 

We put D(p) = tj(S)), and set €(p) = ©per(£'(p)'')*- We define Cj : (L ^ €(p) by 

w(c)(u;(d)) = c{d) 

for c G £, d G 2), and define T{^p) : S(p) x D(p) -^ £(p) as 

•^(p) (w(rfi), tj(d2)) (^(ds)) = T{di,d2){d3) 

for di G X). Then (Dj-p), rj-p)) G 'P(£(p)) is clear. Next, we show that the map 
x + c + di-^ ip{x) +d)(c) +uj{d) for x G £, c G £, d G 2) is a Lie algebra isomorphism. 
To prove this fact, it suffices to show that 

(rs^,^{■ip{xl),1p{x2)) =co{(Js{xi,X2)) (38) 
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for Xi £ £ since we have using (|37|) that 

[-(/"(a;!) + tD(ci) + uj{di),ip{x2) + 1^(02) + ^^(^2)] 

+ {<^Si„ (V'la;!), i/'(a;2)) + w(di) • '^{c2) - uj{d2) ■ uj{ci) + r^p) (uj{di),uj{d2))j 

+ [L0{dl),Uj{d2)] 

= [ii{[xi,X2]) + il^{di{x2)) -ip{d2{xi))\ 

+ (o'si(p) {'4'{xi),'ip{x2)) +uj{di ■ C2) ~ Lb{d2 ■ ci) + a)(r((ii,(i2))j + a;([di, ^2])- 
([55)1 follows since 

CT©(p)(V'(a;i),V'(a;2))(w(d)) = (w(d)(V'(xi))|V'(a;2))(p) = (V'(d(a;i))|V'(x2))(p) 

= {d(xi)\x2) = (T^{xi,X2){d). 

It is easy to see that the isomorphism preserve a bilinear form and sends H to 
-ff(p) = f) © £(p) ©!l)(p). Finally, to show that the map (S),t) i-^ (S)(p),r(p)) is 
bijective, we construct the converse of this map. By (|27p . p induces a group iso- 
morphism p : <'supp^(£)) -^ /supp^(£(p))). For the canonical monomorphism 
L : ^supp^(£(p))) — > A, it is easily checked that 

(■G(p))(wp-i) = -2- 
Then we can see that 

P(£(p)) 3 (D',r') ^ (D'(,,op-i),T(',,op-i)) e 7'(£) 
is the converse of the map (D, r) h^ (X>(p), r(p)). D 

Let £ = Lm{QTcr,\)) be a multiloop Lie algebra of nullity n such that g*^ 7^ 
{0}. Let ( I ) be the Killing form of g, and we define a non-degenerate, invariant, 
symmetric, Z"-graded bilinear form (we also write ( | )) as 

, xi ,,N I (a;|y) if A + /i = ,„„, 

{x®t^\y®t^) = {y^^ \ (39) 

I otherwise 

where A, ^ £ Z", x e g^, y e g'"'. Then, (£, f), ( | )) satisfies (LI) ~ (L4) by Lemma 
12.1.51 and Corollarv l3.3.6l The following proposition shows that a bilinear form on 
£ satisfying (L3) is only that defined in (|39p up to a scalar multiplication. 

Proposition 5.2.6. Suppose that a bilinear form { \ )' on £, is non-degenerate, 
invariant, symmetric, and Z" -graded. Then we have ( | )' = c( | ) for ^ c G k, 
where { \ ) is the bilinear form defined in ((39|) . 



Proof. We write xt^ = x t"^ G £. For each a G A, we take a s[2(fc)-triple 
{x^" , xZa" , ha} for some Aq G Z". We choose 7 G A arbitrarily, and suppose that 
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{h^lhjY — c{h-y\h^). If /3 e A satisfies {h/3\hj) ^ 0, 

(\h,,x'^^H^:%x-}^^t-^^)' = MM(/,,|/i,)' 



{hl3\hp) 
(hp\h^) 
{hi3\hp) 



iyM„..,.,,c^-,|.„y . ^,.i.-,.:^-,)' 



(h \h )^'^^^^^^' ^c{hp\h^). 

By repeating calculations as above, we have (halha)' ~ c{ha\ha) for a G A since 
A is irreducible. Then for arbitrary a G A, A G Z" and x G 0^,2/ G 0Iq, 

ixt^\yt-^y = ^{[h^,xt']\yt-'Y = ^{h^\[xt\yt-']y 

= ^(/^.l^/ia)' (by m and dD) 

From this, we have ( | )' = c( | ) on ©^^^ £«■ Then we have ( | )' = c( | ) on £ 
since £o ^ ©qgaI'^"''^-"] and both ( | ) and ( | )' are invariant. D 

Remark 5.2.7. Suppose that £ is a multiloop Lie algebra and (Djt) G 7'(£). By 
Proposition l5 . 2 . 6[ it is easily checked that E{£, £>, t) does not depend on the bilinear 
form used in the construction up to isomorphism as EALAs. 

Now, we can easily show the following theorem: 

Theorem 5.2.8. Let £ = Lm{Q,(T,i)) and £' == Lm'{g' ,(t' ,i)') be multiloop Lie 
algebras of nullity n, and suppose that g*^ ^ {0} and g'"^ ^ {0}. // £ =supp -2', 
then there exists a bijection 7^(£) —> V{£') such that E{Z,'D,t) is isomorphic as 
EALAs to ^(£',S)',t') where (I)',r') G V{Z') is the image of{1),T) G 'P(£) under 
the bijection. 

Proof. By Theorem 14.2.51 and Lemma 15.2.51 there exists a Qj, x Z"-graded Lie 
algebra £p such that £p =xn_ig £' and £ ~eala -Cp- Using Lemma 14.1.31 it is 
easily checked that £p ~eala 2,'. Thus we have £ ^eala £'• O 

We prove the following lemma using [AFl Theorem 6.1]: 

Lemma 5.2.9. Let C and C be multiloop Lie 7/^-tori. If E(C,^,t) is isomorphic 
as EALAs to E[C' ^'D' ,t') for some (D,r) G r{C) and (I)',r') G V{C'), then 
r ~ r' 

*-' — supp *-' • 

Proof. Let Q (resp. Q') be a root lattice of C (resp. £'). By 'AF; Theorem 6.1], 
there exists s G Hom((5,Z"), a Lie algebra isomorphism ip : jC^'^'> —^ C and two 
group isomorphisms (pg : Q ^ Q' , pin : Z" -^ Z" such that 

for a G Q, A G Z" (in [AF] . this equivalence relation is called to be isotopic). Then 
^ —supp -C' follows. (See the proof of Theorem 14.2.51 (c) => (a).) D 

Using Theorem 15.1.41 we can extend this lemma to multiloop Lie algebras of 
which 0-homogeneous spaces are non-zero. 
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Theorem 5.2.10. Let £ = Lm{Q,cr,i)) and £' = irn'(g', cr', f)') be multiloop Lie 
algebras of nullity n, and suppose that g"^ ^ {0} and g' ^ {0}. If E{£,,1),t) is 
isomorphic as EALAs to £'(£',!)', t') for some (D, t) e 'P(£) a^d (D', r') e 7'(£')> 



t/ien £ 



£'. 



Proof. By Theorem 15.1.41 there exists a niultiloop Lie Z"-torus C (resp. £') such 



that £ 



C (resp. £' 



C). Then by Theorem [QTSl there exists (£»,f) G 



7'(£) (resp^ (D', f') G T'lr')) such that £;(£, S), t) and E{C, D^f) (resp. ^(£', £>', r') 
and £(£', D', f')) are isomorphic as EALAs. Therefore, E{C, D, f) and E{C' , £>', f') 
are isomorphic as EALAs, and then C =supp -C' by Lemma F5. 2. 91 Thus, we have 



£'. 



D 
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